The rapidity dependent transverse momentum spectra of heavy quarkonia ( ⁄ and Υ mesons) produced in small collision systems such as proton-proton (pp) and proton-lead (p-Pb) 
Introduction
The study of high energy proton-proton, proton-nucleus and nucleus-nucleus collisions [1] [2] [3] [4] [5] can provide a unique opportunity for ones to understand the strong interaction theory and nuclear reaction mechanism [6] [7] [8] [9] [10] , and analyze the evolution processes of interacting system and quark-gluon plasma (QGP). At the same time, by this study, one can examine the standard model and other phenomenological models or statistical methods [11] [12] [13] [14] , and search for new physics beyond the standard model. This study also provides new information for people to understand the origin of the universe. As the basic element in nuclear collisions, proton-proton collisions are worthy to study. Meanwhile, as a transition from proton-proton collisions to nucleus-nucleus collisions, proton-nucleus collisions are also worthy to study.
With the development of modern experimental and detecting technology, the collision energy has been continuously improved. Meanwhile, more and more information about collision process can be accurately measured in experimenters [15] [16] [17] [18] [19] . Because the collision time of interacting system is very short. One can only analyze the characteristics of final particles produced in the collisions to obtain the mechanisms of nuclear reactions and the properties of formed matter such as the QGP.
Generally, the information of nuclear reactions in experiments can be obtained by measuring the transverse momentum spectrum and correlation, pseudorapidity or rapidity spectrum and correlation, anisotropic flow distribution and correlation, multiplicity distribution and correlation, nuclear modified factor, and so forth [15] [16] [17] [18] [19] . The transverse momentum spectrum is one of the most general objects in the study. It is measured by ones in experiments and provides information about temperature and excitation degree of interacting system at the stage of kinetic freeze-out. Therefore, the study of the transverse momentum spectrum of final particles is greatly significative in analyzing the mechanisms of nuclear reactions and the properties of QGP.
Many theoretical models and formulas have been applied for the descriptions of transverse momentum spectra. These models and formulas include, but are not limited to, the Boltzmann-Gibbs statistics [1] [2] [3] , Lévy distribution [4, 5] , Erlang distribution [6] , Tsallis statistics [7] [8] [9] [10] [11] [12] [13] [14] , and so on. In this paper, we use a two-component statistical model to describe the experimental transverse momentum spectra of heavy quarkonia ( ⁄ and Υ mesons) produced in small collision systems such as proton-proton (pp) and proton-lead (p-Pb) collisions. The data quoted by us are measured by the LHCb Collaboration [15] [16] [17] [18] at the Large Hadron Collider (LHC), though other data are available [19] . The two-component statistical model is based on the Tsallis statistics and inverse power-law.
In the following sections, we describe the formulism of the two-component statistical model in section 2. The results and discussion are given in section 3. Finally, the conclusions of the present work are given in section 4.
The formulism
Within the framework of the multi-source thermal model [20] [21] [22] , the emission sources of final particles produced in high energy collisions can be divided into several groups due to different interacting mechanisms, impact parameter ranges (centrality classes), or event samples. A typical classification is soft excitation and hard scattering processes [23] [24] [25] [26] , and even including very-soft excitation and very-hard scattering processes. Different processes need different models and formulas. In some cases, different processes can be described by the same model and formula. In other cases, the same process can be described by different models and formulas.
The Tsallis statistics has been widely applied for high energy collisions [27] [28] [29] [30] [31] . It describes different particle spectra in different processes, but not the heavy quarkonium spectra in very-hard process in some cases. For the soft and very-soft processes, the Boltzmann-Gibbs statistics [1] [2] [3] also play a main role in the description. For the hard and very-hard processes, an inverse power-law [32] [33] [34] [35] play the main role in the description. For the transverse momentum ( T p ) spectra of heavy quarkonia ( ⁄ and Υ mesons) produced in collisions at the LHC, we need a superposition of the Tsallis statistics and the inverse power-law, which is a two-component statistical model.
In the Tsallis statistics [27] [28] [29] [30] , the invariant momentum (p) distribution is
where E is the energy, N is the particle number, g is the degeneracy factor, V is the volume,
is the transverse mass, 0 m is the rest mass, T is the temperature parameter, q is the entropy index, and  is the chemical potential. The normalized T p distribution can be given by
In the mid-rapidity (y = 0) region, the formulism of Tsallis statistics can be given by [31] 
where, 2
T C gV   is the normalization constant related to the free parameters. When the collision energy is high enough, the chemical potential is especially small. In the energy range of LHC, the value of  approximately is zero [27] [28] [29] .
In some cases, the experimental data are presented in a given rapidity range, which is not in the mid-rapidity region. We can simply subtract a value and regard the given rapidity range as the mid-rapidity region, and use Eq. (3) directly. If we consider the differences of rapidities in the given rapidity range or in the mid-rapidity region, a more accurate Eq. (2) which includes the integral for the rapidity can be used. If we consider the given rapidity range in the more accurate Eq. (2), the kinetic energy of directional movement will be included in the temperature, which causes a larger temperature and is not correct. In fact, in the mid-rapidity region, the difference between the minimum (maximum) rapidity and 0 is neglected. The more accurate Eq. (2) is not needed.
It should be noted that when we use the multi-source thermal model and the Tsallis statistics, each group or process is assumed to stay in a local equilibrium state. The excitation degree of each group or process is described by the temperature parameter T, and the equilibrium degree is described by the entropy index q. A large T corresponds to a high excitation degree, and a large q ( 1) q  corresponds to a far away from the equilibrium state. The closer to 1 the q is, the closer to equilibrium the group or process becomes. In an equilibrium state, one has 1 q  . Generally, q is not too large. This means that each group or process stays approximately in a local equilibrium state.
The inverse power-law can describe the hard and very-hard processes. In refs. [32] [33] [34] , the inverse power-law is described by the Hagedorn function [35] , its parameterized form is expressed as
where 0 p and n are free parameters, and A is the normalization constant related to the free parameters.
In the Hagedorn function, scattering between nucleons may be thought of in terms of valence quarks. To measure the scattering strength, the parameters 0 p and n can be used. A large 0 p and a small n describe a wide T p range which means a violent scattering. Impact between quarks may also be described via pQCD (perturbative quantum chromodynamics), which gives an inverse power-law T p spectrum [32] [33] [34] which is the same as the Hagedorn function [35] . The pQCD also gives rapidity dependent T p spectra which results in rapidity dependent 0 p and n. According to Eqs, (3) and (4), we can structure a superposition of the Tsallis statistics and the inverse power-law, which results in a two-component statistical model as
where k is the contribution ratio of the first component. Naturally, Eq. (5) is normalized to 1 due to the fact that Eqs. (3) and (4) are normalized to 1. Although the Tsallis statistics has more than one forms and the inverse power-law has different modified forms, we shall not discuss them further. In fact, Eq. (5) structured through Eqs. (3) and (4) is enough to use in the present work. For a real fit process, we may select firstly a set of parameters. Then, we may use the selected set of parameters in Eqs. (3) and (4), and let the two equations be normalized to 1 respectively. The normalization constants T C and A can be determined and used back in Eqs. (3) and (4) so that the two equations can be used in Eq. (5). In the determination for the parameters, the method of least squares can be used. The errors of the parameters can be determined to let the confidence levels of fittings are 95% in most cases and 90% in a few cases if existent. Figure 1 shows the transverse momentum spectra, Table 1 , where the normalization constants which reflect the areas under the curves are not listed to avoid trivialness. For the same reason, the concrete confidence levels are not listed in the table one by one. One can see that the experimental data measured by the LHCb Collaboration are well fitted by the two-component statistical model. The behaviors of parameters will be discussed later. Table 1 , which will be discussed later. One can see again that the experimental data measured by the LHCb Collaboration are well fitted by the two-component statistical model. Table 1 . Once more, the experimental data measured by the LHCb Collaboration are well fitted by the model. To see clearly the relationships between the free parameters (T, q, 0 p , and n) and rapidity, we plot the parameter values listed in Table 1 in Figures 6-9 , respectively. In the four figures, the symbols represent the parameters and the lines are our fitted results, though some of them do not obey the linear functions. In Figure 9 , some error bars are smaller than the symbol size due to wide coordinate range. The intercepts, slopes, and Table 2 . One can see that, in the error range, the parameter T does not show an obvious change or has a slight decrease in most cases, the parameters q and 0 p appear to decrease, and the parameter n does not show an obvious change or has a slight increase, with the increase of rapidity.
Results and discussion
It should be noted that Figure 6 (d) shows a slight increase of T for (2 ) S  and (3 ) S  , and a slight decrease of T for (1 ) S  , with the increase of rapidity. An average weighted by different yields will result in a slight decrease of T with the increase of rapidity. The rapidity dependent 0 p and n confirm the prediction of pQCD which gives the inverse power-law spectra being rapidity dependent [32] [33] [34] . The meanings of parameters can be explained by us. The invariant or slight decreasing temperature parameter renders that the excitation degree of the interacting system keeps invariant or slight decreasing trend with the increase of rapidity. The temperature is not the "real" temperature at the stage of kinetic freeze-out, but the effective temperature in which the contribution of flow effect is not excluded. Even the flow effect is excluding, the kinetic freeze-out temperature from the spectra of heavy quarkonia is much higher than that from the spectra of light particles. This means that the heavy quarkonia produce much earlier than light particles in the collision process. All values of the entropy index are close to 1, which means that the interacting system stays approximately at the (local) equilibrium state, even if in small collision high T p region, the inverse power-law [32] [33] [34] (Hagedorn function [35] ) is used as the second component to structure a superposition with the Tsallis statistics [27] [28] [29] [30] [31] . Intuitively, the fitted results of the two-component model are obviously improved, though three more parameters are introduced. Anyhow, the behaviors of more parameters are revealed in the present work.
Conclusions
We summarize here our main observations and conclusions. The rapidity dependent transverse momentum spectra of heavy quarkonia ( ⁄ and  mesons) produced in small collision systems (pp and p-Pb collisions) at high energy ( The invariant or slight decreasing temperature parameter renders that the excitation degree of the interacting system keeps invariant or slight decreasing trend with the increase of rapidity. The heavy quarkonia produce much earlier than light particles due to very high temperature from the spectra of heavy quarkonia. The considered interacting system stays approximately at the (local) equilibrium state due to the entropy index being close to 1. The decreasing entropy index renders that the system stays at a more equilibrium state in the very forward rapidity region.
A slightly narrow T p range in the very forward rapidity region is observed due to the decreasing 0 p and increasing n. This means that the scattering strength of the interacting system decreases slightly with the increase of rapidity. The contribution ratio of the Tsallis statistics is close to 1. This reflects the strong power of the Tsallis statistics in the fitting process for the T p spectra of heavy quarkonia, in various rapidity regions. The impact between the two "participant" quarks is very violent. Other factors do not play dominant functions.
The cold nuclear effect does not affect largely the production of heavy quarkonia due to the fact that the parameters from the spectra in p-Pb collisions do not show particular behaviors, comparing with that in pp collisions. Not only the spectator nucleons but also the "spectator" quarks do not affect largely the production of heavy quarkonia. The heavy quarkonia are only produced in the process of violent impact between two "participant" quarks in the considered collisions.
The mean transverse momentum T p , root-mean-square transverse momentum decreases with the increase of rapidity due to the fact that less energy deposition appears in very forward rapidity region. At the same or similar LHC energy, the initial temperature extracted from the spectra of J  (or  ) mesons is about 6 (or 12) times of that (~0.4 GeV) extracted from the spectra of pion mesons.
Data Availability
The data used to support the findings of this study are quoted from the mentioned references. As a phenomenological work, this paper does not report new data.
